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Nomenclature
K = stiffness matrix of baseline system
K’ = stiffness matrix of perturbed system
K, = element stiffness matrix
M = mass matrix of baseline system
M’ = mass matrix of perturbed system
M, = -eclement mass matrix
R = vector of residual
o = input variable of residuals
AK = perturbation of stiffness matrix
AM = perturbation of mass matrix
A = eigenvalue of baseline system
A = eigenvalue of perturbed system
] = eigenvector of baseline system
@’ = eigenvector of perturbed system

I. Introduction

VER-INCREASING capabilities of digital computers have
enabled the finite element method (FEM) to serve as a practical

tool for the analysis and synthesis of large and complex structures. In
practice, however, the automated application of FEM to inverse
problems has been limited by the numerous difficulties in mathe-
matical formulation and computational resources. In usual modal
methods, the variations of dynamic characteristics, such as natural
frequencies and mode shapes, are related to structural modifications.
Several methodologies [1] have been widely used for the
identification of structural systems. In the present study, the inverse
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perturbation method (IPM) [2,3], coupled with improved system
reduction, is considered for accelerating solution convergence.
Through the condensation, the secondary (slave) degrees of freedom
(SDOFs) are eliminated from the problem formulation, whereas the
primary (master) degrees of freedom (PDOFs) are included in the
system equations. In general, the errors in transformation that are
associated with system reduction can be alleviated through the use of
various schemes [4-7].

In inverse problems, minor errors in transformation can impair the
inverse iterations and convergent solutions cannot be realized. In the
neighborhood of a specific eigenvalue, the dynamic stiffness matrix
approach [8] exhibits better convergence if the computational effi-
ciency is improved through methods for system reduction. For
accelerating of solution convergence, the iterated improved reduced
system (IIRS) technique [6] is used.

The specified DOFs are directly related to the placement of the
sensor in the vibration test. Hence, a small number of the specified
DOFs are defined for the primary set. The solution accuracy and
convergence of the reduced system depend upon the proper selection
of the PDOFs. The sequential elimination method (SEM) [9] is
known to be one of the most reliable selection methods. The major
difficulty of the SEM is that the elimination procedure requires
considerable computational time. To overcome the disadvantage of
SEM, the two-level condensation scheme (TLCS) was proposed by
Cho and Kim [10-12]. The TLCS does not require much more
computational time than SEM because of the estimation of the
energy at the element level [11]. Moreover, the TLCS was combined
with a substructuring method [13] for efficiency in the solution of
eigenvalue problems.

In this Note for inverse problems, we propose an IIRS technique
and that results in a dramatic reduction of the number of DOFs and
the required computer resources. The efficient TLCS is employed for
the selection of the sensor positions. Numerical examples illustrate
that the proposed method can eliminate 80-90% of the computing
time that is required in a full-system approach without reduction.

II. TIterative Inverse Perturbation Method (IIPM)

In the finite element analysis, the governing equation for
undamped free vibration is presented as

Ko —-AMp =0 1)
Modifications of the baseline structure produce a perturbed system,
Ko —A2"M¢ =0 2)

which can be expressed in terms of perturbations:

(K + AK) (¢ + Ap) — (A + AL)(M + AM)(¢ + Ap) =0
3)

To satisfy the new dynamic equilibrium of the perturbed system,
the residuals, which are defined in Eq. (4), should be zero because the
force equilibrium equation (2) is the necessary and sufficient
condition for satisfying the equilibrium of the perturbed system:

(K—2M)¢' (AK —A'AM)¢/

R = K/ ’
¢ known unknown

~ MMy = )

The structural changes AK and AM are determined so that the
residuals given in Eq. (4) may become zeros. In this state, the
responses of the perturbed system, such as ¢’ and A’, are regarded as
given values. As shown next, the structural changes are exactly
expressed as functions of structural parameters, o, .

In general, overall responses of the perturbed system ¢’ cannot be
defined in the inverse problem because we can detect the responses of
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Fig. 1 Schematic for the determination of the number of iterations.

only a limited number of DOFs. The proper selection of the primary
set has a significant effect on the convergence of the inverse solution.
In this study, the TLCS combined with the substructuring scheme
[14]is used to prevent disadvantages of the single-domain approach,
such as what the PDOFs might be localized which results in
excessive emphasis on lower modes or the loss of important modes.

The unspecified DOFs which have an influence on the solution
space can be eliminated in the formulation of residual vectors
through the implementation of the transformation matrix of system
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c) Result on the selection of PDOFs using TLCS

Fig. 2 Configuration of the cantilever and results on the selection of
PDOFs in the example of the cantilever bending beam.

reduction, t(a). Hence, all the responses of the perturbed system are
expressed in terms of the specified responses, ¢,

0= {Z"} = |:t(fx)i|¢;’ =T(a)gp), &)

The residual vector (4) is formulated as a simple form in Eq. (6):

R(a) = (K —A'M)¢ + (AK — A'AM)¢’

~|K-A'M " Sk AS™ ! ! 6
=( SAM 4+ (4 e,) - (aem) o | ©

e=1

We follow the physical approach to determine the weighting
matrix in Eq. (7) because the calculation of the gradient of the vector
of residuals which was used in the mathematical approach is
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Fig. 3 Element modifications of the perturbed system and inverse solution for the example of the cantilever beam (IIPM).
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b) Results on the selection of PDOFs

Fig. 4 Configuration of the cantilever and results on the selection of
PDOFs in the example of the cantilever plate.

expensive to compute the weighting matrix at each step. The
weighting can be approximated as a diagonal matrix by using a new
mode shape ¢’ as given by

Wi= (¢;‘j)2 0
where the subscript i represents the components of each DOF that

consists of a mode vector. The objective function is to minimize the
norm of the residuals, as shown in expression (8),
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Through the weighting matrix, the minimization of the residual
force is transformed to the problem of the minimization of the
residual energy error at each DOF.

III. Transformation of Degrees of Freedom

Equation (5) represents the transformation from the entire set of
DOFs to the specified DOFs. The reliability of the transformation
matrix is an essential issue in [IPM because errors in the transfor-
mation matrix are magnified in the solution space. The convergence
and solution accuracy of IIPM are decisively determined by the
accuracy of the transformation matrix t(et). In this section, we outline
the IIRS technique, which is the key factor of obtaining an accurate
transformation matrix.

The governing equation for undamped, free vibration in Eq. (1) is
decomposed into primary and secondary sets of DOFs and rewritten
into a decomposed form that constitutes the PDOFs and SDOFs:

Kpp Kplfopl 3| My Myife, | _ [0 )
K;Tn' Kss Ds MZ;A Mss Ds 0

The second row of Eq. (9) can be expressed in the following form:
[ _K;legs(pl) + K;Y] (M;v(pp + Mss(ps)k (10)

The transformation matrix between the PDOFs and the SDOFs can
be obtained through substituting ¢, = t - ¢, into Eq. (10), as shown
in Eq. (11):

t = -K3/ KIT,S + K/ (M;S + M, t)A 11

Through the transformation matrix, the reduced system can be
expressed as shown in Eq. (12):

K R(pp - )"RMR(pp =0 (12)
Ky =T'KT =K,, + 'K/, + K, .t + 'Kt
Mg = T"MT = M,,, + t/M7, + M, t + t"M,t (13)

The eigenvalue term is approximated from the reduced eigen-
problem given in Eq. (12). Substituting A = Mz'Kp into Eq. (11),
the transformation matrix evaluated is shown in Eq. (14):

min(R(a)" - W+ R(a)) ® t = KK, + K, (M7, + M ;t)M;'K, (14)
Table 1 Solution accuracy for eigenvalues in the example of the cantilever flexural bending beam
Inverse solution
Dynamic stiffness matrix [8] Iterative inverse perturbation method (present)
Mode Baseline system Perturbed system TSEM TSEM TLCS
1 280.7071 293.395 +4.52% 393.303 +4.49% 293.37 +4.51% 293.522 +4.57%
2 11,024.533 11,494.67 +4.26% 11,494.0 +4.26% 11,493.81 +4.26% 11,495.67 +4.27%
3 86,436.252 90,221.94 +4.38% 90,247.3 +4.41% 90,218.98 +4.41% 90,224.64 +4.38%
4 331,953.33 347,175.39  +4.59% 347,267.0 +4.61% 347,177.14  +4.61%  347,172.64  +4.58%
5 907,278.99 39,674.05 +3.57% 939,922.0 +3.60% 39,673.00 +3.60%  939,676.86  +3.57%
Table 2 Solution accuracy for eigenvalues in the example of the cantilever bending beam
Inverse solution
Mode  Baseline system Perturbed system Inverse perturbation method [4] Iterative inverse perturbation method (present)
1 347.8772 341.0181 —1.972% 341.0242 —1.970% 341.0181 —1.972%
2 12,176.01 11,969.81  —1.693% 11,970.6221 —1.687% 11,969.8146 —1.693%
3 13,493.0 13,456.57  —0.270% 13,456.4866 —0.271% 13,456.5731 —0.270%
4 18,489.92 17,881.76  —3.288% 17,883.5309 —3.280% 17,881.979 —3.288%
5 105,274.3 103,983.4  —1.226% 103,977.7843 —1.232% 103,983.4328 —1.226%
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Fig. 5 Inverse solutions for the example of the cantilever plate.

Since t in Eq. (14) is implicit and cannot be directly solved, the
iterative scheme is applied as follows:

t® = —K{'KJ, + K5 (M7, + Mt D) (M) K™

(15)
Ky = (TW)’KT® = K, + (tP)"K? + K, t®
+ (tW) K t®
My = (T®)"MT® =M, + (tP)"M?, + M, t®
+ (@) M, t® (16)

Finally, t(ee) in Eq. () is calculated in the perturbed system using
the IIRS technique [6] of Eq. (15). A guideline for deciding the
number of iterations in the IIRS is given in Fig. 1.

IV. Numerical Examples

In this section, we examine the efficiency of the IIPM through
numerical examples of damage detection. The first example is the
flexural vibration of a cantilever beam which is investigated for the
assessment of the selection of optimality and solution accuracy in
damage detection [13]. The finite element model is described in
Fig. 2a. The methods of selection of PDOFs are the SEM and the
TLCS combined with a substructuring scheme, as shown in Figs. 2b
and 2c, respectively.

The width (b) of the rectangular cross section was defined as the
design variable. The widths of four elements were arbitrarily reduced
as shown in Fig. 3a. For the inverse solutions of each selection
technique, the SEM is applied in Fig. 3b and the TLCS is applied in
Fig. 3c. The detailed solution values are presented in Table 1.
Solutions of both selection methods exhibit similar convergence
rates and accuracies, although the SEM needs much more compu-
tational time. This is the reason why we apply the TLCS, instead of
the SEM, as the scheme of selection of PDOFs.

The next example is that of a cantilever plate. As shown in Fig. 4a,
the total number of elements is 48, and the total number of nodes and
DOFs are 65 and 390, respectively. The method for selecting PDOFs
is TLCS, the same as the previous example. In Fig. 4b, the nodes
marked with circles represent the positions of PDOFs, while
perturbations are applied for the elements in colored boxes; these are
the 9th and the 16th elements in which the amounts of perturbations
are —25% and —20%.

Table 2 shows the results of eigenvalue analysis of the baseline
system and the perturbed system. The magnitude of change between
the baseline system and the perturbed system is under 5%. From the
modal response of the perturbed system, the inverse problem is
solved. In the case of IIPM, the total number of iterations for
constructing the transformation matrix is only five.

Figure 5a shows the results from IPM which takes 18106 s for
calculation. Through a comparison of Figs. 5a and 5b, it is observed
that IIPM is much more accurate and efficient than IPM; the detailed

results are given in Table 2. When IIPM is used, the required number
of modes to get a reliable solution is only two whereas IPM requires
seven modes and its calculation takes only 695 s. It should be
mentioned that [IPM is applicable to the practical problems of
damage detections or system identifications with reliability and
efficiency whereas IPM cannot provide efficient applicability to the
practical problems.

V. Conclusions

This Note presents an efficient methodology for identifying
structural changes using a nonlinear iterative inverse perturbation
method. Through implementation of the reduced system method,
errors in the transformation matrix can be minimized. The method
yields remarkable improvements in terms of solution accuracy and
the use of computational resources. The numerical examples demon-
strate the effectiveness of the proposed method in the flexural beam
bending and the cantilever plate identification problems. For the
same perturbed system, the proposed method needs far fewer modes
compared with previous methods. The computational times and
consumption of computer memory are also dramatically reduced. In
spite of the small number of modes that are involved, the proposed
method is both highly efficient and accurate.
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